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Abstract
In this paper we discuss the asymptotic distribution of the approximation numbers of the finite sections
for a Toeplitz operator T (a) ∈ L(p), 1 < p < ∞, where a is a piecewise continuous function on the unit
circle. We prove that the behavior of the approximation numbers of the finite sections Tn(a) = PnT (a)Pn
depends heavily on the Fredholm properties of the operators T (a) and T (a˜) (a˜(t) = a(1/t)). In particular,
if the operators T (a) and T (a˜) are Fredholm on p , then the approximation numbers of Tn(a) have the
so-called k-splitting property. But, in contrast with the case of continuous symbols, the splitting number k
is in general larger than dim kerT (a) + dim kerT (a˜).
© 2006 Elsevier Inc. All rights reserved.
Keywords: Toeplitz operators; Finite sections; Approximation numbers; k-Splitting property
1. Introduction
We henceforth always assume that 1 < p < ∞. The kth (k = 0,1, . . . , n) approximation num-
ber sk(An) of a complex n × n matrix An is defined as the distance of An to the n × n matrices
of rank at most n − k, where the distance is measured in the matrix norm associated with the p
norm. Note that in the case p = 2 the approximation numbers coincide with the singular values,
i.e. with the eigenvalues of (A∗nAn)1/2.
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136 A. Rogozhin, B. Silbermann / Journal of Functional Analysis 237 (2006) 135–149In this paper we analyze the behavior of the approximation numbers sk(Tn(a)) of the truncated
Toeplitz matrices Tn(a) = PnT (a)Pn provided the generating function a is piecewise continuous.
We are mainly interested in the so-called k-splitting property of the approximation numbers.
The approximation numbers for a sequence {An}∞n=1 of n × n matrices An are said to have the
k-splitting property if there is an integer k  0 such that
lim
n→∞ sk(An) = 0 and lim infn→∞ sk+1(An) > 0.
For instance, the 0-splitting property is equivalent to the stability of a sequence {An} (see e.g.
[2]). As usual, a sequence {An} is called stable if for n  n0 all matrices An are invertible and
supnn0 ‖A−1n ‖ < ∞. Note that the stability of {Tn(a)} on p for piecewise continuous gener-
ating functions a was intensively investigated since the early 1970s. The equivalences (for the
definitions of the operators W1{An} and W2{An} see Section 3)
{
Tn(a)
}
is stable on p ⇐⇒ W1
{
Tn(a)
}= T (a) and W2{Tn(a)}= T (a˜)
are invertible on p
(
a˜(t) = a(1/t))
or
{
Tn(a)
}
is stable on p ⇐⇒ T (a) is invertible on r for all
r ∈ [min{p,q},max{p,q}] (1/p + 1/q = 1) (1)
were shown by Gohberg and Feldman [6] for p = 2, by Verbitsky and Krupnik [14] for p 	= 2 in
the case where a has a single jump, by Böttcher and one of the authors [3] for p 	= 2 if generating
function has finitely many jumps, and finally by one of the authors [13] for p 	= 2 and generating
functions with a countable number of jumps.
The k-splitting property of approximation numbers for {Tn(a)} with k > 0 was studied only
since the 1990s. For p = 2 Roch and one of the authors [9,10] have proved the following result:
if a Toeplitz operator T (a) with a piecewise continuous generating function a is Fredholm (i.e.
invertible modulo compact operators) on 2, then the singular values of Tn(a) have the k-splitting
property with
k = dim kerW1
{
Tn(a)
}+ dim kerW2{Tn(a)}
= dim kerT (a) + dim kerT (a˜).
If p 	= 2 there are thorough results only for continuous generating functions (see [2,11]). In this
case we have the same result as for p = 2. Namely, if a Toeplitz operator T (a) with a continuous
generating function a is Fredholm on p then the approximation numbers of Tn(a) have the k-
splitting property with k = dim kerT (a)+dim kerT (a˜). The case where a is a “good” piecewise
continuous function (compare Theorem 19) has been investigated by Böttcher. Here we have
three mutually excluding possibilities:
(i) T (a) is Fredholm of the same index on r for all r ∈ [min{p,q},max{p,q}];
(ii) T (a) is not Fredholm on p or not Fredholm on q ;
(iii) T (a) is Fredholm on p and q but not Fredholm on r for some r ∈ (min{p,q},max{p,q}).
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property with k = dim kerT (a)+ dim kerT (a˜), and in the case (ii) sk(Tn(a)) → 0 as n → ∞ for
every fixed k. He has not been able to settle the case (iii). Taking into account the equivalence (1)
he has only conjectured that in the case (iii) sk(Tn(a)) → 0 as n → ∞ for every fixed k. (Note
that by the consideration of the stability problem for {Tn(a)} a situation which is analogous to
the case (iii) cannot occur. Namely, if T (a) is invertible on p and q, then T (a) is invertible on
r for all r ∈ [min{p,q},max{p,q}].)
In this paper we lean on the results of our paper [12], where some abstract theory
is presented. These results allow us to analyze the behavior of the approximation num-
bers for matrix sequences belonging to the whole Banach algebra T F(PCp) (for the de-
finition see Section 4) which contains, for instance, all sequences of the finite sections
{Pn[∑Ni=1∏Mj=1 T (aij )]Pn},N,M ∈ N, with piecewise continuous generating functions aij (see
Theorem 18 and Lemma 4). One of the main conclusions is the following: if a is piecewise
continuous, then the two operators W1{Tn(a)} and W2{Tn(a)} are not enough to describe the
asymptotic distribution of the approximation numbers of Tn(a). We need an additional (infinite)
family of operators {St {Tn(a)}} (for the definition see Section 3). Nevertheless the operators
W1{Tn(a)} and W2{Tn(a)} continue to play the main role, one can say the operators W1{Tn(a)}
and W2{Tn(a)} are “global” operators. More precisely, for each point t of the unit circle T we
define a “local” operator St {Tn(a)} such that the following theorem is in force.
Theorem 1. Let a be a piecewise continuous function on the unit circle.
• If the two operators T (a) and T (a˜) are Fredholm, then all operators St {Tn(a)}, t ∈ T, are
also Fredholm, and number of the non-invertible operators among the St {Tn(a)} is finite.
Moreover, the approximation numbers of Tn(a) have the k-splitting property with
k = dim kerT (a) + dim kerT (a˜) +
∑
t∈T
dim kerSt
{
Tn(a)
}
.
• If T (a) or T (a˜) are not Fredholm, then for each l ∈ N
sl
(
Tn(a)
)→ 0 as n → ∞.
In particular, this theorem implies that in the case (iii) the approximation numbers of Tn(a)
still have the k-splitting property, but the splitting number k is different from above.
Note that all proofs, which come across this paper, work equally good in both the scalar and
matrix case. That is Theorem 18 (and Theorem 1) remains valid for the finite sections of block
Toeplitz operators with piecewise continuous generating functions.
Moreover, a modification of the second “global” operator W2{Tn(a)} enable us to tackle the
behavior of the approximation numbers in the p spaces with weight, i.e., in the pμ spaces.
2. Toeplitz operators
Let p refer to the Banach space of all sequences {xi}∞i=0 of complex numbers such that
‖x‖p :=
( ∞∑
|xi |p
)1/p
< ∞.
i=0
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function a ∈ L∞, we let {ak}k∈Z stand for the sequence of its Fourier coefficients:
ak := 12π
2π∫
0
a
(
eiθ
)
e−ikθ dθ.
An infinite Toeplitz matrix with generating function a ∈ L∞ is the matrix
T (a) = (aj−k)∞j,k=0.
If T (a) generates a linear bounded operator on p, then we call the function a an p-multiplier.
We denote by Mp the set of all p-multipliers. One can show that the set Mp forms a Banach
algebra with pointwise algebraic operations and with the norm ‖a‖Mp := ‖T (a)‖L(p). Further,
it is well known that if a ∈ L∞ is a function with finite total variation V (a), then a is an p-
multiplier and (see e.g. [4, 2.5(f)])
‖a‖Mp =
∥∥T (a)∥∥L(p)  Cp(‖a‖L∞ + V (a))
with a constant Cp depending only on p. Thus, the Banach algebra Mp contains the set PK of all
piecewise constant functions on T having finitely many jump discontinuities. By PCp we denote
the closure of PK in Mp.
Let T (PCp) stand for the smallest closed subalgebra of L(p) which contains all Toeplitz
operators T (a) with a ∈ PCp. It is well known that the algebra T (PCp) encloses the idealK(p)
of all compact operators, and
Theorem 2. (See e.g. [8, Theorem 2.2]) The algebra T (PCp)/K(p) is inverse closed in the
Calkin algebra L(p)/K(p).
3. The Banach algebra F of operator sequences
In this section, to apply the results of [12], we introduce a special Banach algebra F of oper-
ator sequences via the existence of a set of strong limits.
Let Lp(0,1) denote the usual Lebesgue space on the interval (0,1) equipped with the norm
‖f ‖Lp(0,1) =
( 1∫
0
∣∣f (s)∣∣p ds
)1/p
,
and let (·,·) refer to the sesquilinear form (u, v) = ∫ 10 u(x)v(x) dx, where u ∈ Lp(0,1) and
v ∈ Lq(0,1) with 1/p + 1/q = 1.
Given numbers n ∈ N and k ∈ Z we denote by ϕkn the characteristic function of the interval
[k/n, (k + 1)/n)
ϕkn(s) =
{
1, s ∈ [ k
n
, k+1
n
),
0, s /∈ [ k , k+1 ).
n n
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Pnx = Pn(x0, x1, . . . , xn−1, xn, xn+1, . . .) := (x0, x1, . . . , xn−1,0,0, . . .),
Qnx := (I − Pn)x = (0,0, . . . ,0, xn, xn+1, . . .),
and the projector Ln mapping Lp(0,1) onto the smallest closed subspace of Lp(0,1) which
contains all functions ϕkn with 0 k  n − 1 by
Lnu = n
n−1∑
k=0
(u,ϕkn)ϕkn.
Notice that Pn converge strongly to the identity operator I ∈ L(p) and Ln converge strongly to
the identity operator I ∈ L(Lp(0,1)).
Given a point t ∈ T we denote by Yt :p → p the rotation operator
Yt : (xk)
∞
k=0 
→
(
tkxk
)∞
k=0.
Further, for each n ∈ N, we define the linear operators
Wn : imPn → imPn, (xk)n−1k=0 
→ (xn−1−k)n−1k=0,
and
En : imPn → imLn, (xk)n−1k=0 
→
n−1∑
k=0
xkϕkn.
Immediately from the definitions it follows that Y−1t = Yt−1,W−1n = Wn and
E−1n : imLn → imPn,
n−1∑
k=0
xkϕkn 
→ (xk)n−1k=0 .
As a consequence of the well-known de Boor’s estimates (see e.g. [8]) we obtain that the linear
operators En and E−1n are bounded
‖En‖ C1n−1/p,
∥∥E−1n ∥∥ C2n1/p.
Hence, supn ‖En‖‖E−1n ‖ < ∞. Moreover, one has ‖Yt‖ = 1 and ‖Wn‖ = 1.
Notice also that (1/p + 1/q = 1):
P ∗n = Pn ∈ L
(
q
)
, L∗n = Ln ∈ L
(
Lq(0,1)
)
,
Y ∗t = Yt−1 ∈ L
(
q
)
, W ∗n = Wn ∈ L
(
imP ∗n
)
,
E∗n = n−1E−1n : imL∗n → imP ∗n ,
(
E−1n
)∗ = nEn : imP ∗n → imL∗n.
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imPn, for which there exist operators W1{An},W2{An} ∈ L(p), and St {An} ∈ L(Lp(0,1)),
t ∈ T, such that
PnAnPn → W1{An}, (PnAnPn)∗ →
(
W1{An}
)∗
,
WnAnWnPn → W2{An}, (WnAnWnPn)∗ →
(
W2{An}
)∗
,
EnYtAnYt−1E
−1
n Ln → St {An},
(
EnYtAnYt−1E
−1
n Ln
)∗ → (St {An})∗,
holds in the sense of strong convergence for n → ∞. If we define
λ1{An} + λ2{Bn} := {λ1An + λ2Bn}, {An}{Bn} := {AnBn},
and
∥∥{An}∥∥F := sup
{
‖An‖ = sup
x∈imPn,x 	=0
‖Anx‖
‖x‖ : n ∈ N
}
,
then it is not hard to see that F becomes a Banach algebra with the unit element {Pn}, and the
mappings
W1 :F → L
(
p
)
, {An} 
→ W1{An},
W2 :F → L
(
p
)
, {An} 
→ W2{An},
St :F → L
(
Lp(0,1)
)
, {An} 
→ St {An},
are unital homomorphisms. Moreover, it is clear that the set G of all operator sequences {Gn}
with ‖Gn‖ → 0 as n → ∞ forms a closed two-sided ideal of F .
Let sk(An) refer to the kth approximation number (k ∈ {0,1,2, . . . , n}) of an operator An ∈
L(imPn). We recall that
sk(An) = dist
(
An,Fn−k(imPn)
) := inf{‖An − F‖: F ∈Fn−k(imPn)},
where Fn−k(imPn) denotes the collection of all operators from L(imPn) having the image of
the dimension at most n − k.
The following theorem (and Theorem 9) indicates a relation between the behavior of the
approximation numbers of a sequence {An} from the Banach algebra F and Fredholm properties
of the operators W1{An}, W2{An}, St {An}.
Theorem 3. (See [12, Theorem 4.1]) Let {An} belong to F . If one of the operators W1{An},
W2{An}, St {An} (t ∈ T) is not Fredholm, then for each l ∈ N
sl(An) → 0 as n → ∞.
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All lemmas of this section and Lemma 10 can be verified analogously to results from [8,
Sections 3.5, 3.6], where a more general situation is considered. Since their proofs are rather
technical, we give these results without proof.
Let Lp(R+) denote the usual Lebesgue space on the half-axis R+ := (0,∞).
Lemma 4. (See also [4, Corollary 7.14]) For any operator A ∈ T (PCp) the sequence of the finite
sections {PnAPn} belongs to the Banach algebra F . In particular, if aij is a finite collection of
functions in PCp, then
W1
{
Pn
[∑
i
∏
j
T (aij )
]
Pn
}
=
∑
i
∏
j
T (aij ),
W2
{
Pn
[∑
i
∏
j
T (aij )
]
Pn
}
= T
(∑
i
∏
j
a˜ij
)
,
St
{
Pn
[∑
i
∏
j
T (aij )
]
Pn
}
= χ(0,1)
[∑
i
∏
j
(
aij (t + 0) + aij (t − 0)
2
I
+ aij (t − 0) − aij (t + 0)
2
SR+
)]
χ(0,1), t ∈ T,
where the functions a˜ij are defined by a˜ij (t) = aij (1/t), t ∈ T, χ(0,1) is the characteristic func-
tion of the interval (0,1)
χ(0,1)(s) =
{1, s ∈ (0,1),
0, s ∈ [1,∞),
and SR+ ∈ L(Lp(R+)) is the singular integral operator on the half-axis
(SR+f )(x) =
1
πi
∞∫
0
f (s)
s − x ds, x ∈ (0,∞).
Lemma 5. Let K be a compact operator acting on the space p. Then the sequences {PnKPn}
and {WnPnKWnPn} belong to the Banach algebra F and
W1{PnKPn} = W2{WnPnKWnPn} = K,
W2{PnKPn} = W1{WnPnKWnPn} = 0,
St {PnKPn} = St {WnPnKWnPn} = 0, t ∈ T.
Lemma 6. Let K be a compact operator acting on the space Lp(0,1). Then the sequences
{Yz−1E−1n LnKEnYzPn}, z ∈ T, belong to the Banach algebra F and
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{
Yz−1E
−1
n LnKEnYzPn
}= 0,
W2
{
Yz−1E
−1
n LnKEnYzPn
}= 0,
St
{
Yz−1E
−1
n LnKEnYzPn
}= {K, if t = z,
0, if t 	= z, t ∈ T.
Lemma 7. Let f be a continuous function on the closed interval [0,1]. Then the sequence
{E−1n Lnf IEnPn} belongs to the Banach algebra F and
W1
{
E−1n Lnf IEnPn
}= f (0)I,
W2
{
E−1n Lnf IEnPn
}= f (1)I,
St
{
E−1n Lnf IEnPn
}= f I, t ∈ T.
Now we define the algebra A as the smallest closed subalgebra of F which contains all se-
quences described in Lemmas 4–7. By T F(PCp) we denote the smallest closed subalgebra of
A containing all sequences of the finite sections {PnAPn} with A ∈ T (PCp).
Further, we introduce the following subsets of the Banach algebra A:
JW1 :=
{{PnKPn} + {Gn}, K ∈K(p) and {Gn} ∈ G},
JW2 :=
{{WnKWn} + {Gn}, K ∈K(p) and {Gn} ∈ G},
JSt :=
{{
Yt−1E
−1
n LnKEnYtPn
}+ {Gn}, K ∈K(Lp(0,1)) and {Gn} ∈ G}, t ∈ T.
Lemma 8. Each of the sets JW1 ,JW2 , and JSt , t ∈ T, forms a closed two-sided ideal of the
Banach algebra A.
Let J stand for the smallest closed two-sided ideal of A containing all sequences {Jn} such
that {Jn} belongs to one of the ideals JW1 ,JW2 , and JSt , t ∈ T.
In accordance with [12], we call a sequence {An} ∈ A Fredholm if the coset {An} + J is
invertible in the quotient algebra A/J . This definition is justified by the following result.
Theorem 9. (See [12, Theorem 5.2]) If a sequence {An} ∈ A is Fredholm, then all operators
W1{An}, W2{An}, and St {An}, t ∈ T, are Fredholm, and the number of the non-invertible op-
erators among St {An} is finite. Moreover, the approximation numbers of An have the finite
k-splitting property with
k = dim kerW1{An} + dim kerW2{An} +
∑
t∈T
dim kerSt {An}.
5. Invertibility in the quotient algebra A/J
In order to analyze the invertibility in the algebra A/J we will apply the local principle of
Allan and Douglas. First, we formulate the corresponding assertions for our specific setting.
Recall that the center of an algebra is the set of all elements which commute with every
element of the algebra. For a sequence {An} ∈A let {An}0 refer to the coset {An} +J .
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J for all sequences {An} ∈ A and all functions f ∈ C([0,1]). In other words, the coset
{E−1n Lnf IEnPn}0 with f ∈ C([0,1]) belongs to the center of the algebra A/J .
Lemma 10 implies that the set
C := {{E−1n Lnf IEnPn}0: f ∈ C([0,1])}
forms a subalgebra of the center of A/J . This algebra is topologically isomorphic to C([0,1])
via the isomorphism {E−1n Lnf IEnPn}0 
→ f, and, consequently, the maximal ideal space of C
is equal to {Ix : x ∈ [0,1]} with
Ix :=
{{
E−1n Lnf IEnPn
}0
: f ∈ C([0,1]), f (x) = 0}.
By Jx we denote the smallest closed two-sided ideal of A/J containing the maximal ideal Ix.
The local principle of Allan and Douglas claims the following (see [1,5]).
Lemma 11. Let {An}0 be an arbitrary element of A/J . Then {An}0 is invertible if and only if
{An}0 +Jx is invertible in (A/J )/Jx for all x ∈ [0,1].
Now we consider the invertibility of cosets, for sequences from the Banach algebra
T F(PCp), in the local algebras (A/J )/Jx. First we prove some auxiliary results.
Lemma 12. Let s ∈ [0,1), and let, for any n ∈ N, {bnk }∞k=0 and {dnk }∞k=0 be two sequences of
numbers with |bnk |, |dnk | 1. Moreover, we suppose that bnk = 0 for each k in {k: |s − k/n| α},
and dnk = 0 for each k in {k: |s − k/n| β}, where 0 < α < β < ∞. Then for any A ∈ T (PCp)
and any ε > 0 there exists a constant γ such that β/α > γ implies, for all n large enough, the
inequality
∥∥(dnk δj,k)∞j,k=0A(bnk δj,k)∞j,k=0∥∥L(p)  ε. (2)
Proof. It is not hard to see that if the assertion of the lemma is true for two operators A1 and A2,
then it holds for the linear combination and for the product of A1 and A2. Moreover, if it is true
for a sequence of operators, then it holds for the limit operator (in the sense of the operator norm)
as well. Hence, it is sufficient to verify the statement of the lemma for the Toeplitz operator T (a)
with a piecewise constant function a.
Since the Fourier coefficients ak of a piecewise constant function a satisfy the estimate |ak|
C/k for k 	= 0, we conclude, from the Young’s inequality for discrete convolution operators, that
∥∥(dnk δj,k)∞j,k=0T (a)(bnk δj,k)∞j,k=0(xk)∞k=0∥∥p

( ∑
|s−k/n|<α
|xk|
)( ∑
k: k=i−j, |s−i/n|>β, |s−j/n|<α
|ak|p
)1/p

( ∑
1
)1/q(∑
|xk|p
)1/p( ∑
|ak|p
)1/p|s−k/n|<α k k>(β−α)n
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∥∥(xk)∞k=0∥∥p (αn)1/q[((β − α)n)1−p]1/p
= C1
(
α
β − α
)1/q∥∥(xk)∞k=0∥∥p
for all n large enough and all (xk)∞k=0 ∈ p. Obviously, the last right-hand side is less than
ε‖(xk)∞k=0‖p if β/α > γ for sufficiently large γ. 
Let, for each x ∈ [0,1], Cx denote the set of all functions f ∈ C([0,1]) such that f : [0,1] →
[0,1] and f (x) = 1.
Corollary 13. If {An} ∈ T F(PCp), then for all x ∈ [0,1)
inf
f∈Cx
∥∥({An} − {PnW1{An}Pn}){E−1n Lnf IEnPn}+ G∥∥F/G = 0.
Proof. We fix a point x ∈ [0,1). First, note that for the sequence {PnAPn} with A ∈ T (PCp) it
is nothing to prove. Further, we take operators A,B ∈ T (PCp) and choose a function f ∈ Cx
such that suppf ⊂ (x − ε, x + ε)∩ [0,1] for a small prescribed ε > 0. Then
({PnAPn}{PnBPn} − {PnABPn}){E−1n Lnf IEnPn}+ G
= {PnAQnB(n(f,ϕkn)δj,k)n−1j,k=0Pn}+ G.
By the previous lemma, the norm of the sequence {QnB(n(f,ϕkn)δj,k)n−1j,k=0Pn} + G in the quo-
tient algebra F/G is less than an arbitrary prescribed small threshold if only ε in the restriction
of the support of f is sufficiently small. Thus, the assertion of the corollary holds for the product
of two sequences {PnAPn} and {PnBPn} with A,B ∈ T (PCp).
Finally, it is clear that if the assertion of the corollary is true for two sequences {An} and {Bn},
then it holds for the linear combination of {An} and {Bn}. Moreover, if it is true for a sequence
of operator sequences, then it holds for the limit operator sequence (in the sense of the norm of
the algebra F ) as well. 
Corollary 14. Let {An} be a sequence from the Banach algebra T F(PCp). Then the coset
{An}0 +Jx coincides with the coset {PnW1{An}Pn}0 +Jx for all x ∈ [0,1).
Proof. Let x ∈ [0,1). Since {E−1n Lnf IEnPn}0 +Jx = {Pn}0 +Jx, for each f ∈ Cx, the asser-
tion follows immediately from Corollary 13 and the closedness of the ideal Jx. 
Lemma 15. For any sequence {An} ∈ T F(PCp) the sequence {WnAnWnPn} belongs to
T F(PCp), too.
Proof. One can easily check that if the assertion of the lemma is true for two sequences {An} and
{Bn}, then it holds for the linear combination and for the product of {An} and {Bn}. Moreover,
if it is true for a sequence of operator sequences, then it holds for the limit operator sequence (in
the sense of the norm of the algebra F ) as well. Hence, it is sufficient to show that the sequence
{
WnPnT (a1)T (a2) . . . T (am)WnPn
}
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for m = 1
{
WnPnT (a)WnPn
}= {PnT (a˜)Pn} ∈ T F(PCp) (a˜(t) = a(1/t)).
Let m = 2 and let H(a) refer to the Hankel operator
H(a) = (aj+k+1)∞j,k=0.
With the help of the identities (see [4, 7.7(3)])
WnPnT (a)Qn = PnH(a˜)T
(
t−n−1
) (
a ∈ Mp),
QnT (a)WnPn = T
(
tn+1
)
H(a)Pn
(
a ∈ Mp),
and (see [4, 2.14(1)])
T (a1a2) = T (a1)T (a2) + H(a1)H(a˜2)
(
a1, a2 ∈ Mp
)
,
we obtain
{
WnPnT (a1)T (a2)WnPn
}
= {WnPnT (a1)PnT (a2)WnPn}+ {WnPnT (a1)QnT (a2)WnPn}
= {WnPnT (a1)WnWnT (a2)WnPn}+ {PnH(a˜1)T (t−n−1)T (tn+1)H(a2)Pn}
= {PnT (a˜1)Pn}{PnT (a˜2)Pn}+ {PnH(a˜1)H(a2)Pn}
= {PnT (a˜1)Pn}{PnT (a˜2)Pn}+ {PnT (a˜1a˜2)Pn}− {PnT (a˜1)T (a˜2)Pn}.
Obviously, the last right-hand side belongs to the algebra T F(PCp).
The assertion for general m 1 can be proved analogously by induction. 
Corollary 16. Let {An} be a sequence from the Banach algebra T F(PCp). Then the coset
{An}0 +Jx coincides with the coset {WnPnW2{An}WnPn}0 +Jx for all x ∈ (0,1].
Proof. We fix a point x ∈ (0,1]. A straightforward calculation gives that for any f ∈ Cx
{
WnE
−1
n Lnf IEnWnPn
}= {E−1n Lnf˜ IEnPn},
where f˜ (s) = f (1 − s) ∈ C1−x. Hence, we obtain
{An}0 −
{
WnPnW2{An}WnPn
}0 +Jx
= ({An}0 − {WnPnW2{An}WnPn}0){E−1n Lnf IEnPn}0 +Jx
= {Wn([WnAnWnPn − PnW1{WnAnWnPn}Pn]E−1n Lnf˜ IEn)WnPn}0 +Jx.
Again Corollary 13 and the closedness of the ideal Jx imply the assertion. 
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algebra T F(PCp).
Theorem 17. A sequence {An} ∈ T F(PCp) is Fredholm if and only if the operators W1{An} and
W2{An} are Fredholm.
Proof. Let W1{An},W2{An} ∈ T (PCp) be Fredholm operators. In view of Lemma 11 it is
enough to show that the coset {An}0 +Jx is invertible in (A/J )/Jx for all x ∈ [0,1].
By Theorem 2, there exist operators R1,R2 ∈ T (PCp) such that
R1W1{An} − I ∈K
(
p
)
and R2W2{An} − I ∈K
(
p
)
.
Corollary 14 implies for all x ∈ [0,1)
{PnR1Pn}0{An}0 +Jx =
{
PnR1W1{An}Pn
}0 +Jx = {Pn}0 +Jx.
For x = 1 we apply Corollary 16 to get
{WnPnR2WnPn}0{An}0 +J1 =
{
WnPnR2W2{An}WnPn
}0 +J1 = {Pn}0 +J1.
Since the sequences {PnR1Pn} and {WnPnR2WnPn} belong to the Banach algebra A, we con-
clude that the coset {An}0 + Jx is left invertible for all x ∈ [0,1]. The right invertibility can be
checked analogously.
The reverse implication is obvious (see Theorem 9). 
As a consequence of this theorem we obtain (see Theorems 3 and 9) that for any sequence
{An} ∈ T F(PCp) the behavior of the approximation numbers is completely described by the
Fredholm properties of the operators W1{An}, W2{An}, St {An} (note that here the Fredholmness
of the operators W1{An} and W2{An} plays the main role).
Theorem 18. Let {An} be a sequence from the Banach algebra T F(PCp).
• If the operators W1{An} and W2{An} are Fredholm, then all operators St {An}, t ∈ T, are
also Fredholm, and number of the non-invertible operators among the St {An} is finite. More-
over, the approximation numbers of An have the k-splitting property, i.e.,
lim
n→∞ sk(An) = 0 and lim infn→∞ sk+1(An) > 0,
with
k = dim kerW1{An} + dim kerW2{An} +
∑
t∈T
dim kerSt {An}.
• If W1{An} or W2{An} is not Fredholm, then for each l ∈ N
sl(An) → 0 as n → ∞.
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In order to illustrate Theorem 18, we analyze the behaviour of approximation numbers for
the sequence {PnT (ϕ)Pn}, where the generating function ϕ(t) = tγ = eiγ θ (0  θ < 2π) with
γ = −9/4 − i/4. It is easy to see that ϕ is a piecewise smooth function with a single jump at
t = 1:
ϕ(1 + 0) = 1, ϕ(1 − 0) = −ieπ/2.
Thus, this function belongs to PCp for all p ∈ (1,∞). A direct calculation gives
ϕk = 1 + ie
π/2
2πi
1
k + 9/4 + i/4 ,
i.e.,
T (ϕ) = 1 + ie
π/2
2πi
(
1
j − k + 9/4 + i/4
)∞
j,k=0
.
Further, due to Lemma 4 we have
W1
{
PnT (ϕ)Pn
}= T (ϕ), W2{PnT (ϕ)Pn}= T (ϕ˜),
S1
{
PnT (ϕ)Pn
}= 1 − ieπ/2
2
I − 1 + ie
π/2
2
S(0,1),
St
{
PnT (ϕ)Pn
}= I, t ∈ T \ {1},
where S(0,1) ∈ L(Lp(0,1)) is the singular integral operator on the interval (0,1)
(S(0,1)f )(x) = 1
πi
1∫
0
f (s)
s − x ds, x ∈ (0,1).
We use the following Fredholm criteria for Toeplitz operators and for singular integral opera-
tors. Given a number r ∈ (1,∞) we define the function fr : [0,1] → C by
fr(μ) =
{
sinπ(1−2/r)μ
sinπ(1−2/r) e
iπ(1−2/r)(μ−1), r 	= 2,
μ, r = 2.
Theorem 19. (See [4, Proposition 6.32]) Let a =∑Ni=1 uivi, where the functions ui are piece-
wise constant and the functions vi are continuously differentiable. The Toeplitz operator T (a) is
Fredholm on p if and only if the function (1/p + 1/q = 1)
a(t,μ) := a(t − 0)(1 − fq(μ))+ a(t + 0)fq(μ)
does not vanish over T × [0,1]. Moreover, if T (a) is Fredholm, then
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dim kerT (a) = max(0,−winda),
where winda denotes the winding number (with respect to the origin) of the closed and naturally
oriented curve being the image of a(t,μ).
Theorem 20. (See [7, Theorem 9.4.1]) Let a, b ∈ C. The operator a+b2 I + a−b2 S(0,1) is Fredholm
on Lp(0,1) if and only if the function
s(λ) =
{
a(1 − fp(λ)) + bfp(λ), 0 λ 1,
b(1 − fp(λ − 1)) + afp(λ − 1), 1 λ 2,
does not vanish over [0,2]. Moreover, if a+b2 I + a−b2 S(0,1) is Fredholm, then
dim ker
a + b
2
I + a − b
2
S(0,1) = max(0,−wind s).
In Figs. 1–4 we plotted, for several p, the image of ϕ(t,μ), the image of ϕ˜(t,μ), and the
image of s(λ) for the operator S1{PnT (ϕ)Pn}. The bold curves are the image of ϕ(t) and the
image of ϕ˜(t), respectively.
It follows that for p = 4 the Toeplitz operator T (ϕ) is not Fredholm, and for p = 4/3 the
Toeplitz operator T (ϕ˜) is not Fredholm. Moreover,
dim kerT (ϕ) =
{2, 1 < p < 4,
3, 4 < p < ∞,
dim kerT (ϕ˜) = 0, p ∈ (1,∞) \ {4/3},
dim kerS1
{
PnT (ϕ)Pn
}= {1, 1 < p < 4/3,
0, (4/3,∞) \ {4}.
Thus, we conclude from Theorem 18 that for p ∈ (1,∞) \ {4/3,4} the approximation numbers
of PnT (ϕ)Pn have the k-splitting property with
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k =
⎧⎨
⎩
3, 1 < p < 4/3,
2, 4/3 < p < 4,
3, 4 < p < ∞.
If p ∈ {4/3,4}, then sl(PnT (ϕ)Pn) → 0 for any l ∈ N.
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